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Abstract
It is shown that the notoph propagator in the noncovariant
longitudinal gauge is equivalent to the covariant Feynmann - like
propagator.
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1
1. Let us consider the interaction of the notoph [1] ( i.e. the scalar
particle described by the antisymmetric tensor field Bµν = −Bνµ) with the
external current jµν = −jνµ. The Lagrangian is
L = −
1
2
GµG
µ +
1
2
jµνB
µν , (1)
where Gµ = ∂νB
νµ. The theory is invariant under the gauge transformation
δBµν = εµναβ∂αλβ, (2)
(where λβ is an arbitrary 4 - vector function), if the current obeys the con-
servation law
εµναβ∂νjαβ = 0. (3)
The vector Gµ is invariant under the transformation (2) and it is a strength
vector in the notoph theory.
The free action can be rewritten in the form
∫
d4x(−
1
2
GµG
µ) =
1
4
∫
d4xBµνL
µναβBαβ , (4)
where the Lagrangian operator Lµναβ is
Lµναβ = ✷Πµναβ (5)
and
Πµναβ =
1
2✷
(
gµα∂ν∂β + gνβ∂µ∂α − gµβ∂ν∂α − gνα∂µ∂β
)
. (6)
The operator Πµναβ has the symmetry properties of a Riemann tensor.
There is no inverse operator to the Lagrangian one because Πµναβ is a pro-
jector operator
ΠµναβΠαβ
σλ = Πµνσλ.
The origin of the Lagrangian singularity is the gauge freedom of the theory.
To fix the gauge we impose the gauge condition
εµναβ∂νBαβ = 0. (7)
We note that this condition does not contradict the field equation when we
switch on the interaction with the external current.
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Let us introduce the effective free action
∫
d4x
[
−
1
2
GµG
µ +
1
8α
(εµνσλ∂νBσλ)
2
]
=
1
4
∫
d4xBµνL
µνσλ
(α) Bσλ, (8)
where the Lagrangian operator
L
µνσλ
(α) = (1−
1
α
)✷Πµνσλ +
1
α
✷Eµνσλ (9)
can be inverted for any finite value of the parameter α. The tensor
Eµναβ =
1
2
(gµαgνβ − gµβgνα) (10)
is the unit tensor in a space of antisymmetric tensors.
The notoph propagator Dµναβ in the momentum space is defined as the
inverse matrix to the Lagrangian one
Lµναβ(k, α)D
αβσλ = Eµνσλ. (11)
The general form of the propagator is
Dµναβ =
A
k2
Eµναβ +
B
k2
Πµναβ(k). (12)
From Eq. (11) we obtain
A = −α, B = α− 1.
So, the notoph propagator is
Dµναβ = −
α
k2
Eµναβ +
α− 1
k2
Πµναβ(k). (13)
If α = 0, we get the propagator in the gauge (7). If α = 1, we get the
Feynmann - like propagator
Dµναβ(k) = −
1
k2
Eµναβ . (14)
We note that due to the current conservation, the effective propagator is the
Feynmann - like one. Indeed, Eq. (3) can be rewritten in the form
∂νjαβ + ∂αjβν + ∂βjνα = 0
3
and we get
✷jαβ = ∂αjβ − ∂βjα (15)
wherejβ ≡ ∂νj
νβ. With the help of Eqs (13) and (15) we obtain
Dµναβjαβ = −
α
k2
jµν +
α− 1
k2
jµν = −
1
k2
jµν .
The result is identical if the propagator (14) is used from the very beginning.
2. In Ref. [2] we have investigated the notoph theory in the (noncovari-
ant) longitudinal gauge. We recall the main result of this paper.
In some fixed Lorentz frame we introduce the 3 - dimension notation.
The decomposition of the notoph field is Bµν = ( ~E, ~H), where
Bk0 → Ek, B
kn → εknjHj , k, n, j = 1, 2, 3.
The gauge freedom is removed completely by imposing the longitudinal gauge
condition
rot ~E = 0.
In this gauge the propagators of the notoph are
D
(E)
ij (k) =
kikj
| ~k |
2
1
k2
;
D
(H)
ij (k) =

δij − kikj
| ~k |
2

 1
| ~k |
2 . (16)
In the Lorentz frame in that the gauge condition is imposed, we introduce
the 4 - vector ηµ = (1, 0, 0, 0) [3]. Using this vector we can rewrite the
propagators (16) in the 4 - dimension notation
D
(E)
µναβ(k) =
1
k2
[(ηk)2 − k2]
−1
(ηµkν − ηνkµ)(ηαkβ − ηβkα);
D
(H)
µναβ(k) = −[(ηk)
2 − k2]
−2
{gµαkνkβ + gνβkµkα − gµβkνkα − gναkµkβ +
− (ηµηαkνkβ + ηνηβkµkα − ηµηβkνkα − ηνηαkµkβ) +
+ (ηk)2(gµαηνηβ + gνβηµηα − gµβηνηα − gναηµηβ) +
− (ηk) [gµα(kνηβ + kβην) + gνβ(kµηα + kαηµ)+
− gµβ(kνηα + kαην)− gνα(kµηβ + kβηµ)]} . (17)
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Let us consider the exchange of the notoph between two currents
A =
1
4
jµν(−k)Dµναβ(k, η)j
αβ(k) (18)
where
Dµναβ(k, η) = D
(E)
µναβ(k) +D
(H)
µναβ(k). (19)
Using the current conservation law (3) we can rewrite the amplitude (18)
with the help of the Feynmann - like propagator (14)
A =
1
2
jµν(−k)Dµναβ(k)j
αβ(k). (20)
So, the notoph propagator in the longitudinal gauge is equivalent to the
covariant Feynmann - like propagator.
3. Let us note that the covariant form (14) of the notoph propagator
can be confirmed in another way. Performing the canonical analysis of the
theory described by the Lagrangian (1), we get the physical Hamiltonian of
the interaction
Hint = −j2LkB
0k
L +
1
2
ji1T
1
∆
j1T i,
or, in the momentum space
Hint = −j2Lk(−k)B
0k
L (k)−
1
2
| ~k |
−2
ji1T (−k)j1T i(k) (21)
where
ji1 ≡ j
0i, ji2 = −
1
2
εimnjmn,
and the mark L(T ) denotes the longitudinal (transversal) part of the 3 -
vector. Using the standard methods of the S - matrix formalism [3], with the
help of this Hamiltonian, we can calculate the amplitude of the exchange of
the gauge field between two external currents. We get
A = −
j2Li(−k)j
i
2L(k)
k2
−
j1T i(−k)j
i
1T (k)
| ~k |
2 .
It is the amplitude (20) rewritten in the component form with the help of
the current conservation law (3).
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4. Let us consider in es detail the case of the strong conserving current
[4]
jµν = ∂µJν − ∂νJµ, (22)
where Jµ is a 4 - vector (or a 4 - pseudovector). In this case the amplitude
(20) is
A = Jµ(−k)Dµν(k)J
ν(k), (23)
where (see Ref. [1])
Dµν(k) = gµν −
kµkν
k2
. (24)
To understand this result we observe that from the field equation
∂µGν − ∂νGµ = −∂µJν + ∂νJµ
we get
Gµ = −Jµ − ∂µϕ,
where ϕ(x) is a scalar field. The interaction term 1
2
jµνBµν with the current
(22) is equivalent to
−JµG
µ = JµJ
µ + ∂µϕJ
µ,
what is in agreement with Eqs (23) and (24). So, the notoph is propagated
if the current Jµ is not conserved. The process of the notoph radiation (or
absorption) is possible too, if the current does not conserve. Indeed, such
processes are described by the vertex Jµ∂
µϕ.
Interaction of the notoph with other fields (via the strong conserving
current) have been discussed in Ref. [1]. To illustrate the main features of
such interactions we consider, for example, the interaction with the Dirac
field ψ
L = −
1
2
GµG
µ − JµG
µ + ψ¯(−iγµ∂
µ +m)ψ
where Jµ = ψ¯γµψ or Jµ = ψ¯γµγ5ψ. In the first case the notoph is not
radiated and propagated: the local JµJµ interaction appears. In the second
case the notoph can be radiated and propagated: the local term JµJµ appears
too.
We are grateful to Prof. J. Rembielin´ski and Dr B. Broda for interesting
discussions.
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